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Overview

A Cohen–Macaulay local ring R is said to be of finite representation type if

#{Indecomposable maximal Cohen–Macaulay R-modules}/∼= < ∞

Theorem (Auslander–Huneke–Leuschke–Wiegand). A Cohen–Macaulay local ring R of
finite representation type has an isolated singularity

• Auslander (1986): R complete
• Leuschke–Wiegand (2000): R excellent
• Huneke–Leuschke (2002): General

Example.

(1) R = C[[x, y]]/(xy) ⇒ #{R,R/(x), R/(y)} = 3 < ∞, R an isolated singularity
(2) R = C[[x, y]]/(x2) ⇒ R not an isolated singularity, #{R, (x), (x, y), (x, y2), . . . } = ∞

What to do. Analyze the structure of modules over a local ring. More precisely:

(1) Study generation in the module category using annihilators of Tor, Ext
(2) Refine the Auslander–Huneke–Leuschke–Wiegand theorem
(3) Introduce/investigate the dimension of a subcategory of the module category

Throughout.

• (R,m, k) = a noetherian local ring of dimension d
• CM = Cohen–Macaulay
• module = f.g. module
CM module = maximal CM module
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• modR = {R-modules} ⊇

{
CM(R) = {CM R-modules}
flR = {R-modules of finite length}

1. Uniform annihilation of Tor, Ext

Lemma 1.1. Let a ∈ R, n ∈ Z, t ∈ N, M ∈ modR

(1) Suppose

aTorRn (M,X) = aTorRn−1(M,X) = 0

for all X ∈ modR with dimX ⩽ t. Then

a2 TorRn (M,X) = 0

for all X ∈ modR with dimX ⩽ t+ 1
(2) (a) Suppose

aExtnR(M,X) = aExtn+1
R (M,X) = 0

for all X ∈ modR with dimX ⩽ t. Then

a2 ExtnR(M,X) = 0

for all X ∈ modR with dimX ⩽ t+ 1
(b) Suppose

aExtnR(X,M) = aExtn+1
R (X,M) = 0

for all X ∈ modR with dimX ⩽ t. Then

a2 ExtnR(X,M) = 0

for all X ∈ modR with dimX ⩽ t+ 1

Proof. (1) Fix X ∈ modR with dimX ⩽ t+ 1. May assume dimX = t+ 1
Take r ∈ R a ssop of X {

0 → (0 :X r) → X → rX → 0

0 → rX → X → X/rX → 0

⇝
{
Torn(M,X)

f−→ Torn(M, rX) → Torn−1(M, (0 :X r))

Torn(M, rX)
g−→ Torn(M,X) → Torn(M,X/rX)

Since dimX/rX = t and dim(0 :X r) ⩽ t by Exercise 1(2),

aTorn(M,X/rX) = aTorn−1(M, (0 :X r)) = 0

Torn(M,X)
f−−−→ Torn(M, rX) −−−→ Torn−1(M, (0 :X r))

a

y a

y a

y0

Torn(M,X)
f−−−→ Torn(M, rX) −−−→ Torn−1(M, (0 :X r))

Torn(M, rX)
g−−−→ Torn(M,X) −−−→ Torn(M,X/rX)

a

y a

y a

y0

Torn(M, rX)
g−−−→ Torn(M,X) −−−→ Torn(M,X/rX)
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Hence:

y ∈ Torn(M,X) ⇒ ∃ z ∈ Torn(M, rX) s.t. ay = g(z)

⇒ ∃w ∈ Torn(M,X) s.t. az = f(w)

⇒ a2y = ag(z) = g(az) = gf(w) = rw

Thus:

a2Torn(M,X) ⊆ rTorn(M,X)

This holds for all ssop r ∈ R of X ⇝ Can replace r with rj ∀ j > 0

∴ a2Torn(M,X) ⊆
∩
j>0

rj Torn(M,X) = 0

by Krull’s intersection theorem
(2) Similar to (1). (Try!) ■

Proposition 1.2. Let a ∈ R, n ∈ Z
(1) Suppose

aTorRi (M,N) = 0

for all n− 2d ⩽ i ⩽ n and M,N ∈ flR. Then

a2
2d

TorRn (M,N) = 0

for all M,N ∈ modR
(2) Suppose

aExtiR(M,N) = 0

for all n ⩽ i ⩽ n+ 2d and M,N ∈ flR. Then

a2
2d

ExtnR(M,N) = 0

for all M,N ∈ modR

Proof. (1) Fix M ∈ flR. By assumption and Lemma 1.1(1):

aTori(M,N) = 0 for all

{
n− 2d ⩽ i ⩽ n

N ∈ flR

a2 Tori(M,N) = 0 for all

{
n− 2d+ 1 ⩽ i ⩽ n

N ∈ modR with dimN ⩽ 1

a4 Tori(M,N) = 0 for all

{
n− 2d+ 2 ⩽ i ⩽ n

N ∈ modR with dimN ⩽ 2
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· · ·
and get

a2
d

Tori(M,N) = 0 for all

{
n− d ⩽ i ⩽ n

M ∈ flR, N ∈ modR

Next, fix N ∈ modR. Similarly:

a2
d

Tori(M,N) = 0 for all

{
n− d ⩽ i ⩽ n

M ∈ flR

a2
d+1

Tori(M,N) = 0 for all

{
n− d+ 1 ⩽ i ⩽ n

M ∈ modR with dimM ⩽ 1

a2
d+2

Tori(M,N) = 0 for all

{
n− d+ 2 ⩽ i ⩽ n

M ∈ modR with dimM ⩽ 2

· · ·
and get

a2
2d

Torn(M,N) = 0 for all M,N ∈ modR

(2) Similar to (1) ■

Notation 1.3. For X ,Y ⊆ modR,

annTor(X ,Y) :=
∩

i>0, X∈X , Y ∈Y

annR TorRi (X,Y )

annExt(X ,Y) :=
∩

i>0, X∈X , Y ∈Y

annR ExtiR(X,Y )

When X = Y , simply write annTorX , annExtX

Definition 1.4. (1) The punctured spectrum of R is

Spec0R := SpecR \ {m}

(2) When R is CM,

CM0(R) := {M ∈ CM(R) | Mp is Rp-free for all p ∈ Spec0R}

(3) Let

· · · → Fn
∂n−→ Fn−1 → · · · → F1

∂1−→ F0
∂0−→ M → 0

be the minimal free resolution of M ∈ modR. The nth syzygy of M is

ΩnM := Im ∂n

Example 1.5.

(1) R = C[[x, y]]/(xy) ⇒ annTorCM0(R) = annExtCM0(R) = (x, y) = m

(2) R = C[[x, y]]/(x2) ⇒ annTorCM0(R) = annExtCM0(R) = (x)

Proposition 1.6. Let R be CM

(1) a ∈ annTorCM0(R) =⇒ a2
2d
TorRi (M,N) = 0 ∀ i > 4d, M,N ∈ modR

(2) a ∈ annExtCM0(R) =⇒ a2
2d(d+1) ExtiR(M,N) = 0 ∀ i > d, M,N ∈ modR
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Proof. Let M,N ∈ flR. Then ΩdM,ΩdN ∈ CM0(R) by Exercise 3(3b)
(1) As aTor>0(Ω

dM,ΩdN) = 0, we have aTor>2d(M,N) = 0

n > 4d ⇒ aTorRi (M,N) = 0 n− 2d ⩽ ∀ i ⩽ n

⇒ a2
2d

TorRn (X, Y ) = 0 ∀X,Y ∈ modR

by Proposition 1.2(1)
(2) Fix i > 0 {

aExtiR(K,L) = 0 ∀K,L ∈ CM0(R)

∀ j ⩾ 0, ∃ 0 → Ωj+1N → Fj → ΩjN → 0, Fj free

⇝
{
aExtiR(K,Fj) = aExtiR(K,ΩdN) = 0

ExtiR(K,Fj) → ExtiR(K,ΩjN) → Exti+1
R (K,Ωj+1N)

⇝ ad+1 ExtiR(K,N) = 0

by an inductive argument using Exercise 6
Letting K := ΩdM , we have ad+1 Ext>d

R (M,N) = 0

∴ (ad+1)2
2d

ExthR(X, Y ) = 0 ∀h > d, X, Y ∈ modR

by Proposition 1.2(2) ■

Notation 1.7. The singular locus of R is

SingR := {p ∈ SpecR | Rp is not regular}

Proposition 1.8. Let R be CM. Then

SingR ⊆ V(annTorCM0(R)) ∩ V(annExtCM0(R))

Proof. Let p ∈ SingR. Take a ∈ annTorCM0(R). By Proposition 1.6(1),

a2
2d

TorRi (R/p, R/p) = 0 ∀ i > 4d

Localization at p gives

a2
2d

Tor
Rp

i (κ(p), κ(p)) = 0 ∀ i > 4d

We have

a /∈ p =⇒ a2
2d

is a unit in Rp

=⇒ Tor
Rp

i (κ(p), κ(p)) = 0 for all i > 4d

=⇒ Rp is regular (×)

Hence a ∈ p. Thus SingR ⊆ V(annTorCM0(R)).
The assertion for Ext is similarly shown ■
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2. Annihilators and nonfree loci

Definition 2.1. (1) Let

· · · → Fn
∂n−→ Fn−1 → · · · → F1

∂1−→ F0
∂0−→ M → 0

be the minimal free resolution ofM ∈ modR. Set (−)∗ = HomR(−, R). The transpose
of M is

TrM := Coker(∂∗
1)

Thus

∃ 0 → M∗ → F ∗
0

∂∗
1−→ F ∗

1 → TrM → 0

(2) For M,N ∈ modR,

HomR(M,N) := HomR(M,N)/PR(M,N),

where PR(M,N) = {f | M
f //

∃ g
""EE

EE
N

R⊕ ∃h

==zzz
}

Lemma 2.2. For M,N ∈ modR,

HomR(M,N) ∼= TorR1 (TrM,N)

Proof. Exercise 8 ■

Proposition 2.3. For M ∈ modR,

annExt(M,modR) = annR Ext1R(M,ΩM)

= annR TorR1 (M,TrM) = annTor(M,modR)

Proof. Clearly,

annExt(M,modR) ⊆ annR Ext1R(M,ΩM)

annTor(M,modR) ⊆ annR TorR1 (M,TrM)

Enough to show:

annExt1(M,ΩM) ∪ annTor1(M,TrM) ⊆ annTor(M,modR) ∩ annExt(M,modR)

(1) Let a ∈ annR Ext1R(M,ΩM)

∃ 0 → ΩM → F
π−→ M → 0, F free

⇝
HomR(M,F )

HomR(M,π)−−−−−−−→ HomR(M,M) −−−→ Ext1R(M,ΩM)

a

y a

y a

y0

HomR(M,F )
HomR(M,π)−−−−−−−→ HomR(M,M) −−−→ Ext1R(M,ΩM)

idM ∈ HomR(M,M) ⇝ (M
a−→ M) = HomR(M,π)(f) = πf ∃ f ∈ HomR(M,F )

M
a //

f   A
AA

AA
AA

A M

F

π

>>}}}}}}}}
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For all i > 0 and N ∈ modR:

Tori(M,N)
a //

""F
FF

FF
FF

F
Tori(M,N)

Tori(F,N)

<<xxxxxxxx

Exti(M,N)
a //

""E
EE

EE
EE

E
Exti(M,N)

Exti(F,N)

<<yyyyyyyy

Hence a ∈ annTor(M,modR) ∩ annExt(M,modR)
(2) Let b ∈ annR TorR1 (M,TrM). By Lemma 2.2,

0 = bHomR(M,M) ∋ b · idM = (M
b−→ M)

Hence (M
b−→ M) factors through a free module

Similarly to (1), b ∈ annTor(M,modR) ∩ annExt(M,modR) ■

Definition 2.4. The nonfree locus of M ∈ modR is

NF(M) := {p ∈ SpecR | Mp is not Rp-free}

Lemma 2.5. Let M ∈ modR. Then

NF(M) = SuppExt1R(M,ΩM)

In particular, NF(M) is a closed subset of SpecR

Proof. Exercise 9 ■

Proposition 2.6. For M ∈ modR,

NF(M) = V(annTor(M,modR)) = V(annExt(M,modR))

Proof. Combine Lemma 2.5 and Proposition 2.3 ■

3. Finite generation in the module category

Notation 3.1. Let X ,Y ⊆ modR and r ⩾ 1

(1) addX = {Direct summands of finite direct sums of modules in X}
(2) [X ] = add{R,ΩiX | i ⩾ 0, X ∈ X}

(3)

{
X ◦ Y = {M ∈ modR | ∃ 0 → X → M → Y → 0 with X ∈ X , Y ∈ Y},
X • Y = [[X ] ◦ [Y ]]

(4) [X ]r =

{
[X ] (r = 1)

[X ]r−1 • X = [[X ]r−1 ◦ [X ]] (r ⩾ 2)

Remark 3.2. Let X ,Y ,Z ⊆ modR

(1) M ∈ X • Y ⇐⇒ ∃ 0 → X → Z → Y → 0 with X ∈ [X ], Y ∈ [Y ] s.t. M ⋖ Z

(2) (X • Y) • Z = X • (Y • Z), [X ]a • [X ]b = [X ]a+b ∀ a, b > 0

Lemma 3.3. Let X ,Y ⊆ modR and n ⩾ 0

(annTor(X ,Y))n ⊆ annTor([X ]n,Y) ⊆ annTor(X ,Y)

(annExt(X ,Y))n ⊆ annExt([X ]n,Y) ⊆ annExt(X ,Y)
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∴
{
V(annTor(X ,Y)) = V(annTor([X ]n,Y))

V(annExt(X ,Y)) = V(annExt([X ]n,Y))

Proof. Only show:

(annTor(X ,Y))n ⊆ annTor([X ]n,Y) ⊆ annTor(X ,Y)

The other is similarly shown
2nd (⊆): OK as X ⊆ [X ]n
1st (⊆): Enough to show

annTor([X ]n,Y)

{
= annTor(X ,Y) (n = 1)

⊇ annTor([X ]n−1,Y) · annTor([X ],Y) (n ⩾ 2)

Take a ∈ annTor([X ]n−1,Y), b ∈ annTor(X ,Y)
Fix i > 0, Z ∈ [X ]n, Y ∈ Y

∃ 0 → L → M → N → 0 with L ∈ [X ]n−1, N ∈ [X ], Z ⋖M

⇝ Tori(L, Y ) → Tori(M,Y ) → Tori(N, Y )

⇝ a · b ∈ annTori(L, Y ) · Tori(N, Y ) ⊆ annTori(M,Y ) ⊆ annTori(Z, Y )

by Exercise 6 ■
Definition 3.4. X ⊆ modR is finitely generated if [G]n = X for some G ∈ modR and
n > 0

Proposition 3.5.

{
X ⊆ CM0(R) f.g.

Y ⊆ modR
=⇒

{
annTor(X ,Y)

annExt(X ,Y)
are m-primary or unit

Proof. ∃G ∈ modR, ∃n > 0 s.t. [G]n = X

V(annTor(X ,Y))
(a)
= V(annTor(G,Y)) ⊆ V(annTor(G,modR))

(b)
= NF(G)

(c)

⊆ {m}

where


(a) ⇐ Lemma 3.3

(b) ⇐ Proposition 2.6

(c) ⇐ G ∈ CM0(R)

The assertion for Ext is shown similarly ■

Definition 3.6. R has an isolated singularity if Rp is regular for all p ∈ Spec0 R, or in
other words, if SingR ⊆ {m}

Theorem 3.7 (Dao–T (2015)). Let (R,m) be a CM local ring. Consider:

(a) CM0(R) is finitely generated
(b) annExtCM0(R) is m-primary or unit
(c) annTorCM0(R) is m-primary or unit
(d) R has an isolated singularity

Then (a) ⇒ (b) ⇒ (d) and (a) ⇒ (c) ⇒ (d)

Proof. Combine Propositions 3.5 and 1.8 ■
Notation 3.8. For X ⊆ modR,

indX := {M ∈ X | M is indecomposable}/∼=
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Corollary 3.9 (Refinement of Auslander–Huneke–Leuschke–Wiegand).
Let R be a CM local ring. Suppose

# indCM0(R) < ∞
Then R has an isolated singularity. Hence R has finite representation type.

Proof. Let

indCM0(R) =: {M1, . . . ,Mn}
By Exercise 12,

M := M1 ⊕ · · · ⊕Mn ∈ CM0(R), [M ] ⊆ CM0(R)

Take N ∈ CM0(R). Let

N = N1 ⊕ · · · ⊕Nt an indecomposable decomposition

Then

Ni ∈ CM0(R) ∀ i ⇝ ∀ i ∃ j s.t Ni
∼= Mj ⇝ N ∈ addM

Therefore

CM0(R) = addM = [M ] = [M ]1

In particular, CM0(R) is finitely generated
By Theorem 3.7, R has an isolated singularity
Thus CM(R) = CM0(R) by Exercise 13, and R has finite representation type ■

4. Improving Theorem 3.7

Lemma 4.1 (T (2014)).

Let


M ∈ modR

x = x1, . . . , xn ⊆ annExt1(M,ΩM)

F a minimal free resolution of M
Then

K(x,M) ∼= X := (0 → Xn → Xn−1 → · · · → X1 → X0 → 0)

s.t. Xi =

{⊕i
j=0 Fj

⊕( n
i−j) (0 ⩽ i ⩽ n− 1)⊕n

j=0(Ω
jM)⊕(

n
j) (i = n)

Proof. Induction on n
n = 1 :

σ : 0 −−−→ ΩM −−−→ F0 −−−→ M −−−→ 0∥∥∥ x x1

x
x1σ : 0 −−−→ ΩM −−−→ N −−−→ M −−−→ 0

x1 Ext
1
R(M,ΩM) = 0 ⇝ x1σ splits ⇝ N ∼= ΩM ⊕M

⇝ 0 → W → X → K(x1,M) → 0, where

{
W = (0 → ΩM

=−→ ΩM → 0)

X = (0 → ΩM ⊕M → F0 → 0)

As W is acyclic, K(x1,M) ∼= X

n ⩾ 2 : K(x,M) = K(x1, . . . , xn−1,M)⊗K(xn, R)
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Apply the induction hypothesis to K(x1, . . . , xn−1,M)
..... ■

Proposition 4.2. Let R be CM

annExtCM0(R) is m-primary or unit =⇒ CM0(R) is f.g.

Proof. ∃h > 0 s.t. mh ⊆ annExtCM0(R) Choose a sop x = x1, . . . , xd ⊆ mh

∃R/(x) ⊇ m(R/(x)) ⊇ m2(R/(x)) ⊇ · · · ⊇ mr(R/(x)) = 0

Fix M ∈ CM0(R) ⇝ ΩM ∈ CM0(R)
x ⊆ mh ⊆ annExtCM0(R) ⊆ annExt1(M,ΩM) K(x,M) ∼= M/xM

By Lemma 4.1:

0 → Xd → Pd−1 → · · · → P0 → M/xM → 0 (Pi free, M ⋖Xd)

∴ Xd
∼= Ωd(M/xM) up to free summands

∃M/xM ⊇ m(M/xM) ⊇ m2(M/xM) ⊇ · · · ⊇ mr(M/xM) = 0

⇝ 0 → mi+1(M/xM) → mi(M/xM) → k⊕ → 0

⇝ 0 → Ωd(mi+1(M/xM)) → Ωd(mi(M/xM))⊕R⊕ → Ωdk⊕ → 0

⇝ Ωd(M/xM) ∈ [Ωdk]r ⇝ M ∈ [Ωdk]r

Thus CM0(R) = [Ωdk]r ■

Definition 4.3. Let R be complete and equicharacteristic ⇝ R =
k[[x1, . . . , xn]]

(f1, . . . , fm)
h := ht(f1, . . . , fm)

jacR = Ih

(
∂fi
∂xj

)
R the Jacobian ideal of R

Lemma 4.4. R complete, equicharacteristic

(1) (Jacobian criterion) SingR = V(jacR) if k is perfect
(2) (Wang (1994)) jacR ⊆ annExt(CM(R),modR) if R is CM

Proof. (1) See [16, §30], [19, §5] and [20, §6]
(2) Show:

• jacR =
∑

A⊆R Noether normalizations J(R/A),

where R = A[y1, . . . , yt]/(g1, . . . , gs), J(R/A) = It(∂gi/∂yj)R

• J(R/A) ⊆ N(R/A),

where µ : S = R⊗A R → R, a⊗ b 7→ ab, N(R/A) = µ(annS Kerµ)

• N(R/A) · annA Ext1A(M,N) ⊆ annR Ext1R(M,N) for M,N ∈ modR

Hence:

M ∈ CM(R), N ∈ modR ⇒ N(R/A) ⊆ annR Ext1R(M,N)

⇒ jacR ⊆
∑

N(R/A) ⊆ annR Ext1R(M,N)

Use Proposition 2.3 ■
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Proposition 4.5. Let R be excellent equicharacteristic CM with an isolated singularity
and k perfect. Then CM(R) is f.g.

Proof. R excellent, an isolated singularity ⇝ R̂ an isolated singularity
By Lemma 4.4,

• V(jac R̂) = Sing R̂ ⊆ {m̂} ∴ jac R̂ is m̂-primary or unit

• jac R̂ ⊆ annExt(CM(R̂),mod R̂)

∴ ∃h > 0 s.t. m̂h · Ext>0

R̂
(CM(R̂),mod R̂) = 0

M,N ∈ CM(R) ⇝ M̂, N̂ ∈ CM(R̂)

⇝ m̂h · Ext>0

R̂
(M̂, N̂) = 0

⇝ mh · Ext>0
R (M,N) = 0

⇝ mh ⊆ annExtCM(R)

Proposition 4.2 ⇒ CM(R) is f.g. ■

Remark 4.6. (1) “perfect” can be removed by using the Cohen–Gabber theorem and
the methods of Iyengar–T (2016)

(2) “isolated singularity” can be removed by Dao–T (2014) and Iyengar–T (2016)

Theorem 4.7 (Refinement of Theorem 3.7). Let (R,m) be a CM local ring. Consider:

(a) CM0(R) is finitely generated
(b) annExtCM0(R) is m-primary
(c) annTorCM0(R) is m-primary
(d) R has an isolated singularity

Then (a) ⇔ (b) ⇒ (c) ⇒ (d). If R is excellent and equicharacteristic, (a)∼(d) are all
equivalent.

Proof. Combine Theorem 3.7, Propositions 4.2, 4.5, Remark 4.6(1) ■

Question 4.8. Does (c) ⇒ (b)? More strongly, is annExtCM0(R) = annTorCM0(R)?

5. Dimension for subcategories of modules

Definition 5.1. For X ⊆ modR,

dimX = inf{n ⩾ 0 | ∃G ∈ modR s.t. [G]n+1 = X} ∈ Z⩾0 ∪ {∞}

the dimension of X in modR

Remark 5.2. dimX < ∞ ⇐⇒ X is f.g.

Definition 5.3. Suppose R is Gorenstein and set (−)∗ = HomR(−, R)
For M ∈ CM(R), define the nth cosyzygy inductively as follows:

Ω−1M := (Ω(M∗))∗, Ω−nM := Ω−1(Ω−(n−1)M) for n ⩾ 2
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Remark 5.4. (1) Let F,G be minimal free resolutions of M,M∗. Then

· · · // F2
//

$$HH
F1

//

##F
F F0

//

  BB
G∗

0
//

%%KK
K G∗

1
//

%%KK
K G∗

2
// · · ·

Ω2M

::vv
ΩM

;;xx
M

=={{
Ω−1M

99sss
Ω−2M

99sss

is a minimal free exact complex
(2) M is indecomposable ⇔ ΩM is indecomposable ⇔ Ω−1M is indecomposable

Proposition 5.5. Let R be CM

(1) If R has finite representation type, dimCM(R) = 0
(2) The converse holds if R is complete and Gorenstein

Proof. (1) Write

indCM(R) = {G1, . . . , Gn}
G := G1 ⊕ · · · ⊕Gn ⇝ CM(R) = addG ⊆ [G] ⊆ CM(R) ⇝ CM(R) = [G] = [G]1

(2) Suppose CM(R) = [G] for some G ∈ CM(R)
G1, . . . , Gn the indecomposable direct summands of G
May assume G = G1 ⊕ · · · ⊕Gn

By Remark 5.4:

indCM(R) = {R} ∪ {ΩiGj | i ⩾ 0, 1 ⩽ j ⩽ n }.
May assume

ΩiGj ̸∼= Gj′ ∀ i ⩾ 0, 1 ⩽ ∀ j ̸= ∀ j′ ⩽ n

Fix 1 ⩽ j ⩽ n

Ω−1Gj
∼= ΩaGb (∃ a ⩾ 0, 1 ⩽ ∃ b ⩽ n) ⇝ Gj

∼= Ω1+aGb ⇝ b = j

∴ Gj is periodic ∴ # indCM(R) < ∞ ■

Definition 5.6. A CM local ring R has countable representation type if indCM(R) is
countably infinite

Proposition 5.7. Let R be a complete equicharacteristic hypersurface, k = k, char k ̸= 2.
If R has countable representation type, dimCM(R) = 1

Proof. Araya–Iima–T (2012)

• Buchweitz–Greuel–Schreyer (1987): classify R for all d and indCM(R) for d = 1
• Burban–Drozd (2008): classify indCM(R) for d = 2
• Reduce to d = 1, 2 by Knörrer’s periodicity

⇝ ∃G s.t. CM(R) = [G]2 ■

Example 5.8. Let R = C[[x, y]]/(x2). Then CM(R) = [(x)]2, (x) /∈ CM0(R){
dimCM(R) = 1

dimCM0(R) = ∞ by Theorem 4.7

Definition 5.9 (Artin (1966)). A 2-dimensional normal local ring R has a rational sin-
gularity if ∃X → SpecR a resolution of singularities s.t. H1(X,OX) = 0
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Proposition 5.10. Let R be 2-dimensional complete local normal C-algebra with a ra-
tional singularity. Then dimCM(R) ⩽ 1

Proof. Set

ΩCM(R) = add{R, ΩM | M ∈ CM(R)}
= {X ∈ modR | ∃ 0 → X → R⊕ → Y → 0 s.t. Y ∈ CM(R)}

By Iyama–Wemyss (2010):

# indΩCM(R) < ∞
Hence ∃G ∈ ΩCM(R) s.t. ΩCM(R) = addG

Fix M ∈ CM(R) ⇝ M † := HomR(M,ω) ∈ CM(R) with ω canonical

∃ 0 → N → R⊕ → M † → 0,

where N := Ω(M †) ∈ ΩCM(R) = addG

∃ 0 → M → ω⊕ → L → 0,

where L := N † ∈ add(G†)

0 0x x
0 −−−→ M −−−→ ω⊕ −−−→ L −−−→ 0∥∥∥ x x
0 −−−→ M −−−→ K −−−→ R⊕ −−−→ 0x x

ΩL ΩLx x
0 0

⇝
{
K ∼= M ⊕R⊕

∃ 0 → ΩL → M ⊕R⊕ → ω⊕ → 0

ΩL ∈ add(Ω(G†)) ⊆ [G†] ∴ M ∈ [G† ⊕ ω]2 ∴ CM(R) = [G† ⊕ ω]2 ■

Theorem 5.11.

(1) Let R be an excellent equicharacteristic local hypersurface with an isolated singularity.
Then

dimCM(R) ⩽
{
2 ℓℓ(R/J)− 1

e(J)− 1 (if |k| = ∞)

where J = jacR
(2) Let R be a complete intersection. Then

dimCM(R) ⩾ codimR− 1

Proof. The stable category CM(R) is triangulated as R is Gorenstein
Consider the dimension of CM(R) in the sense of Rouquier (2008)
By Dao–T (20151)

• dimCM(R) ⩾ dimCM(R) whenever R is Gorenstein
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• The equality holds if R is a hypersurface

(1) Apply Dao–T (20152)
(2) Apply Avramov–Iyengar (2006∼) ■

Problems.

(1) Give upper/lower bounds for dimCM(R) in other cases. Start by giving:
• a lower bound when R is Gorenstein, non-CI

• an upper bound whenR is a

{
hypersurface not having an isolated singularity

non-hypersurface CI having an isolated singularity

• an example of CM local rings R with dimCM(R) = 2

(2) M ∈ modR is totally reflexive if


M ∼= M∗∗

Ext>0(M,R) = 0

Ext>0(M∗, R) = 0
Let

G(R) = {Totally reflexive R-modules}
We have:

• G(R) ⊆ CM(R) if R is CM
• The equality holds if R is Gorenstein{

G(R) ̸= addR

dimG(R) < ∞
=⇒ is R Gorenstein?

(a) Christensen–Piepmeyer–Striuli–T (2008):{
G(R) ̸= addR

# indG(R) < ∞
=⇒ R is Gorenstein

(b) If G(R) = addR, dimG(R) = 0 < ∞ but R is not necessarily Gorenstein
(e.g. any non-Gorenstein R with m2 = 0 satisfies this)
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Exercises

In what follows, let (R,m, k) be a noetherian local ring of dimension d. All modules
are assumed to be finitely generated.

1. Let M be an R-module.

(1) Prove that for any proper ideal I of R one has

dim(0 :M I) ⩽ dimM/IM.

(2) If x ∈ R is a subsystem of parameters of M , then show that

dim(0 :M x) < dimM.

2. Let k be a field.

(1) Let R = k[[x, y]]/(xy). Show that

annTorCM0(R) = annExtCM0(R) = (x, y)

by using the fact that indCM(R) = {R,R/(x), R/(y)}.
(2) Let R = k[[x, y]]/(x2). Show that

annTorCM0(R) = annExtCM0(R) = (x)

by using the fact that indCM(R) = {R, (x), (x, y), (x, y2), (x, y3), . . . }.

3. Let M be an R-module. Show the following.

(1) Let

· · · → Pn
fn−→ Pn−1 → · · · → P1

f1−→ P0
f0−→ M → 0

be an exact sequence of R-modules such that Pi is free for all i ⩾ 0. Then for each
n ⩾ 0 there exists t ⩾ 0 such that Im fn ∼= ΩnM ⊕R⊕t.

(2) Let n ⩾ 0 be an integer. For each p ∈ SpecR there is an integer t ⩾ 0 such that

(Ωn
RM)p ∼= Ωn

Rp
(Mp)⊕R⊕t

p .

(3) Suppose that R is Cohen–Macaulay. Let n ⩾ d be an integer.
(a) The module ΩnM is in CM(R).
(b) Let M be an R-module of finite length. Then ΩnM is in CM0(R).

4. Let 0 → L → M → N → 0 be an exact sequence of R-modules. Let n ⩾ 0 be an
integer. Then show that applying Ωn(−) to this induces an exact sequence of the form

0 → ΩnL → ΩnM ⊕R⊕t → ΩnN → 0.

5. Verify that there are isomorphisms

TorRn (Ω
tM,N) ∼= TorRn+t(M,N), ExtnR(Ω

tM,N) ∼= Extn+t
R (M,N)

for all n, t ∈ Z>0 and M,N ∈ modR.

6. Let L → M → N be an exact sequence of R-modules. Then show:

annR L · annR N ⊆ annR M.

7. Let M,N be R-modules. Show that PR(M,N) is an R-submodule of HomR(M,N).
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8. Prove Lemma 2.2.

9. Prove Lemma 2.5.

10. Prove Remark 3.2.

11. Let k be a field, and let n be a nonnegative integer. Let R = k[x]/(xn+1) be a quotient
of a polynomial ring. Prove the following.

(1) Let a = a0 + a1x+ · · ·+ anx
n be an element of R. Then a is a unit of R if and only

if a0 ̸= 0.
(2) An R-module is indecomposable if and only if it is isomorphic to R/(xi) for some

1 ⩽ i ⩽ n+ 1.
(3) For each integer 1 ⩽ i ⩽ n there exists an exact sequence

0 → R/(xi) → R/(xi+1)⊕R/(xi−1) → R/(xi) → 0,

where we set x0 := 1.
(4) For every 1 ⩽ i ⩽ n there exists j ⩾ 1 such that [R/(xi)]j = modR.

12. Suppose that R is Cohen–Macaulay. Show the following.

(1) Let M,N ∈ modR. Then M,N ∈ CM0(R) if and only if M ⊕N ∈ CM0(R).
(2) Let 0 → L → M → N → 0 be an exact sequence of R-modules with N ∈ CM0(R).

Then L ∈ CM0(R) if and only if M ∈ CM0(R).
(3) For all M ∈ CM0(R) one has ΩM ∈ CM0(R).

13. Suppose that R is Cohen–Macaulay. Show that R has an isolated singularity if and
only if CM0(R) = CM(R).

14. Let R be a Gorenstein local ring. Show the following.

(1) Let M,N ∈ CM0(R). For all integers i > 0 there are isomorphisms

ExtdR(Tor
R
i (M,N∗), R) ∼= Extd+i

R (M,N),

ExtdR(Ext
d+i
R (M,N∗), R) ∼= TorRi (M,N).

(2) There is an equality

annTorCM0(R) = annExtCM0(R).

15. Let S = k[[x, y]] be a formal power series ring over a field k, and let R =
k[[x3, x2y, xy2, y3]] be the third Veronese subring of S. (To be precise, R is the com-
pletion of the third Veronese subring of k[x, y].) Prove the following.

(1) There is a direct sum decomposition S = R ⊕ W ⊕ P , where W = Rx + Ry and
P = Rx2 +Rxy +Ry2 are the R-submodules of S.

(2) For each M ∈ CM(R), the R-module HomR(S,M) is a direct sum of copies of S.
(3) One has indCM(R) = {R,W,P} and dimCM(R) = 0.
(4) There are R-isomorphisms ΩW ∼= P and ΩP ∼= P⊕2.
(5) One has indΩCM(R) = {R,P}.
16. Let R = C[[x, y]]/(x3+y3) be a quotient of a formal power series ring. Set J = jacR.

(1) Find e(J) and ℓℓ(R/J).
(2) Evaluate dimCM(R).
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