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Solve each problem.

Build a math circle session 
 around each problem. 

each involving one problem.

Three problems.

Questions to think about:

Math area(s)?

Math theory?

Problem Solving Techniques?

Other related problems?

Generalizations? Pushing on?

How many different math   
circles

 

sessions do you 
envision per problem?
On what did you base your 
decision on?

Extra credit









Question:  Can you free all clones from the prison?
Introduced:  by Sam Vandervelde

 
at BMC



3 3 41 6 6 5 5 5 54 2

Rule: For every natural number n the total number of 
tickets on which divisors of n are written is exactly n.

Example: n = 4,
divisors are 1,2, and

 
4

1 24 4

Total of 4
 

tickets
for divisors of 4.

Show: Every such n appears on at least 1
 

ticket. 



P

A B

C

A1

B1

C1

Show: P is the centroid
 

of  triangle ABC iff
 

P is the 
centroid

 
of  triangle A1

 

B1

 

C1

 

. 

Introduced: at the Bay Area Mathematical Olympiad 2006



Build a math circle session around each problem.

Question:
Can you free all clones 
from the prison?

3 3 1 6 61
For every natural number n
the total number of tickets 
on which divisors of n

 

are 
written is exactly n.

Show:
Every such n

 

appears on at 
least 1

 

ticket. 

P

Show: 
P

 

is the centroid

 

of  the big 
triangle iff

 

P

 

is the centroid

 

of  
the small triangle. 

Questions to think about:

• Math area(s)?
• Math theory?

• Problem Solving Techniques?
• Other related problems?

• Generalizations? Pushing on?

• How many different math circles
sessions do you  envision per problem? 

On what did you base your decision?



Math Circle

Organization Mathematics



Math Circle

Organization Mathematics

• Jointly 
published by

AMS & MSRI

• First book in

• Edited by

Zvezdelina
Stankova

 
&

Tom Rike
• Volume I

2/3 for
beginners

& 
1/3

 
for

intermediate
circlers

&

ε
 

> 0 
for advanced

• 12 articles
adapted from
actual live 
BMC sessions 
in last decade
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Organization Mathematics

Math Circle

√



Definition of Math Circle
• critical in student development

• get a flow of mathematical ideas 
and problems to think about

• meet other interested students
and professional mathematicians

• get stimulation from exchanging
ideas with other people that you don’t 
get from reading books at home.

• applications to careers even outside 
mathematics: law, policy analysis, 
philosophy, economics, computer science

• develops logical, abstract thinking

• attracts students whose lifelong passion
is for mathematics

• prepares for others careers along the way.



Definition of Math Circle
By whom is a Math Circle to be run?

• to run a math circle is a hard 
task, especially for a teacher

• could not solve any of these    
“elementary”

 

problems

• insufficient mathematical    
background and/or  
preparation in problem solving

• an epiphany; challenged by an 
outside force and did not know 
how to respond.  

• for 30 years kept on learning  
and teaching problem solving    
b/c

 

working on math circles   
was a large part of his life

• to become a true olympiad
problem solver has been one  
of the most rewarding 
endeavors in his life



Definition of Math Circle
By whom is a Math Circle to be run?

• to run a math circle is a hard 
task, especially for a teacher

• could not solve any of these    
“elementary”

 

problems

• insufficient mathematical    
background and/or  
preparation in problem solving

• an epiphany; challenged by an 
outside force and did not know 
how to respond.  

• for 30 years kept on learning  
and teaching problem solving    
b/c

 

working on math circles   
was a large part of his life

• to become a true olympiad
problem solver has been one  
of the most rewarding 
endeavors in his life

• the persevering and caring  
teacher will succeed in 
running a math circle



Definition of Math Circle
By whom is a Math Circle to be run?

• no manuals on how to become
a mathematician

• to think creatively while still
obeying the rules

• to make connections between
problems,  ideas and theories

• learn from your own mistakes

• work hard, with pencil & paper

• the math world is huge: you’ll
never know everything;
use this to your advantage!

Math Circles and learning to be a mathematician?



Definition of Math Circle
By whom is a Math Circle to be run?
Math Circles and learning to be a mathematician?

The Culture of Math Circle
• East European mathematicians

are “recruited”

 

via math circles 

• math circle culture is   
ingrained in the societies of 
these countries

• mathematicians and teachers
teamed together to found and
run math circles

• circles other than math circles

• circles were as “cool”

 

as   
soccer clubs

• parents enthusiastically   
supported circle participation



The Culture of Math Circle
• popularity of math circles in 

US society? 

• status of math circles in US  
society  & educational system?

• comparison of math circles in   
US vs. football/debate teams?

• start dreaming: math circle at
every college and university

• faculty 1 or 2 course release   
for running math circle

• math course for undergrads

Eastern European vs. US Math Circles

Solution?

• vertical integration



The Culture of Math Circle
• popularity of math circles in 

US society? 

• status of math circles in US  
society  & educational system?

• comparison of math circles in   
US vs. football/debate teams?

• start dreaming: math circle at
every college and university

• faculty 1 or 2 course release   
for running math circle

• math course for undergrads

Eastern European vs. US Math Circles

Solution?

• vertical integration

• modest fee for non-university
participants

• dept provides support

• math circle as outreach activity

• mobilize and give recognition 
to the most valuable resource:    
interested mathematics faculty

Is this solution viable?



Does the US need Top-Tier Math Circles?

• erosion of capacity for new
scientific and technological 
breakthroughs

• deteriorating math and 
science education in US

• prepare our best young minds
as future mathematics leaders

• inspire lifelong love for 
mathematics

• vulnerability as serious as
any military or terrorist threat



• recruited from China, Europe, 
India and former Soviet Union

• more effort and resources in
mathematics, science and 
engineering

• global competition for talented
individuals had intensified

• raise capabilities in 
mathematics, science and 
engineering

• China:    500,000
India:     200,000
US:          70,000
S.Korea:  70,000

• foreign-born doctorate holders

• foreign-origin US patents



• to produce first rate 
mathematicians requires  
different approach

•

 

early identify mathematically 
talented individuals and provide 
resources to reach full potential

• value technical education as
a path to prosperity

• math circles raise the ceiling in 
order to maintain leadership in 
science and technology







Build a math circle session around each problem.

Question:
Can you free all clones 
from the prison?

3 3 1 6 61
For every natural number n
the total number of tickets 
on which divisors of n

 

are 
written is exactly n.

Show:
Every such n

 

appears on at 
least 1

 

ticket. 

P

Show: 
P

 

is the centroid

 

of  the big 
triangle iff

 

P

 

is the centroid

 

of  
the small triangle. 

Questions to think about:

• Math area(s)?
• Math theory?

• Problem Solving Techniques?
• Other related problems?

• Generalizations? Pushing on?

• How many different math circles
sessions do you  envision per problem? 

On what did you base your decision?



Build a math circle session around each problem.

Question:
Can you free all clones 
from the prison?

Idea:  Find an invariant

 

feature of the game.

Catch 22:  No integer

 

invariant

 

can be readily found here.

old new

new

a

b

b

a

 

=

 

b + b =

 

2b

old sum = 
new sum



1 1/2

1/2

1/4

1/4

1/4

1/8

1/8

1/8

1/8

1/16

1/16

1/16

1/16

1/16

1/32

1/32

1/32

1/32

1/32

1/32

a
 

=
 

2b old
 

=
 

2 x new



1

1/4

1/4

1/8

1/8

1/8

1/16

1/16

1/16

1/16

1/32

1/32

1/32

1/32

1/32

1/64

1/64

1/64

1/64 1/128

1/128

1/128

1/128

1/256

1/256

1/256 1/512

1/512

1/1024

old sum 
= 1+ ½

 

+ ½
= 2

1/2

1/2

1/4 1/8 1/16 1/32 1/64

Idea:  The sum of all numbers of the board remains 
unchanged after any move. This is our invariant!

new sum 
= 2

sum after 
every move

= 2

final sum
= 2



Detour: Forget about the barbed fence, the inside and 
outside of the prison, and mess around with the whole table.

1 1/2

1/2

1/4

1/4

1/4

1/8

1/8

1/8

1/8

1/16

1/16

1/16

1/16

1/16

1/32

1/32

1/32

1/32

1/32

1/32

1/64

1/64

1/64

1/64

1/64 1/128

1/128

1/128

1/128

1/256

1/256

1/256 1/512

1/512

1/1024

Question:  How to 
calculate the sum of the 
numbers in the whole table?

Question:  How to 
calculate the sum of the 
numbers in the first row?

1 + 1/2 + 1/4 + 1/8 + 1/16 + 1/32 + …
 

= 2



1 1/2

1/2

1/4

1/4

1/4

1/8

1/8

1/8

1/8

1/16

1/16

1/16

1/16

1/16

1/32

1/32

1/32

1/32

1/32

1/32

1/64

1/64

1/64

1/64

1/64 1/128

1/128

1/128

1/128

1/256

1/256

1/256 1/512

1/512

1/1024

2

1

1/2

1/4

1/8

1/16

Total Sum = 

2 + 1 + 1/2 + 1/4 + 1/8 + 1/16 + …
 

=
2

1- ½
=  

2
½

=  4

4



1

1/4

1/4

1/8

1/8

1/8

1/16

1/16

1/16

1/16

1/32

1/32

1/32

1/32

1/32

1/64

1/64

1/64

1/64 1/128

1/128

1/128

1/128

1/256

1/256

1/256 1/512

1/512

1/1024

1/2

1/2

1/4 1/8 1/16 1/32 1/64

final sum
= 2

Sin = sum
in prison

=

 

2

Sout

 

= sum outside prison

final sum
= Sout

= total sum –

 

inside sum = 4 –

 

2 = 2



final sum
= Sout

Finate

 

game!! 



Playing beyond 
the given game:

change initial clones configuration 

change initial barbed fence
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Playing beyond 
the given game:

change initial clones configuration 

change initial barbed fence

√ X
Ultimate question:
•

 

Starting with one clone in position (1,1), for which barbed fences 
can the clones escape and for which they cannot?  

•

 

Equivalently, which are the “minimal”

 

inescapable barbed 
fences?  
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Definition:
 

Let
 

M(k) be the family of “minimal”
 inescapable barbed fences enclosing exactly k

 
prison 

cells, and let f(k) be the number of such “minimal”
 inescapable barbed fences in M(k).

Result 1: Characterize all such minimal inescapable 
barbed fences in M(k).

Result 2: Give a polynomial algorithm for recognizing 
such “minimal”

 
such inescapable barbed fences.

Result 3: Determine the asymptotic growth of f(k):

f(k)
 

~ c γ
 
as k →

where c
 

and γ
 

are roots of certain degree 3 (cubic) 
polynomials.

K-1 ∞



The paper invokes 
some advanced

 
concepts:

Recursive
relations

Generating 
functions Functional

analysis

Partial
derivatives

Algebraic
numbers

Ramanujan-type
continued franctions



For the Die-Hards:  Conway Checkers

John Conway

Question:
 

What is the highest row above the designated 
line that can be reached?









Possible to reach 3rd

 

row
Possible to reach 4th

 

row



? ? ? ? ? ? ? ? ?

Impossible to reach 5th

 

row! Why?



1

x

x

x

x

x2

x2

x2

x 2

x2

x2

x2

x2 x 3

x 3

x 3

x3

x3

x3

x3

x3

x 3

x 3

x3

x 3

x4

x 4

x 4

x 4

x 4

x 4

x 4

x4

x4

x 4

x 4

x 4

x 4

x 4

x 4

x 4

Desired Sum: at least 1! 
Conclusion: Impossible to reach 5th

 

row b/c
 

game is finite! 



Build a math circle session around each problem.

3 3 1 6 61
For every natural number n
the total number of tickets 
on which divisors of n

 

are 
written is exactly n.

Show:
Every such n

 

appears on at 
least 1

 

ticket. 

Answer:

Every such n

 

appears on 
exactly φ(n)

 

tickets.

φ(n)

 

= Euler function 

φ(n)

 

counts how many 
integers between 1

 

and
n

 

are relatively prime with n.

φ(n) ≥

 

1 for all n√
φ(2009) = φ

 

(7 .41) = (7

 

–

 

7)(41-1) = 1680 tickets!2 2

• arithmetic functions

• multiplicative functions

• Dirichlet

 

product 
(convolution of functions)

• Mobius

 

inversion 
formula



Build a math circle session around each problem.

P

Show: 
P

 

is the centroid

 

of  the big 
triangle iff

 

P

 

is the centroid

 

of  
the small triangle. 

• medians, centroids; 
midsegment

 

and parallelogram theorems

• Menelaus’s

 

and Ceva’s

 

Theorems

2.  Projective geometry approach

1.  Classic geometry approach

• Desargue’s

 

Theorem

• Yi Sun’s brilliancy solution at BAMO ’06

• projective geometry



• For middle & 
high school students 

• Tuesdays, 6 -

 

8pm

• UC Berkeley, Evans Hall 740

• http://mathcircle.berkeley.edu

http://mathcircle.berkeley.edu/
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